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Disorder-induced heating �DIH� is one of the main reasons reducing the coupling strength in ultracold
plasma. We propose applying an optical lattice as periodic confinement before the ultracold atomic cloud is
ionized to eliminate its effect. We demonstrate a numerical simulation for the dynamics of the ultracold
plasmas using classical molecular dynamics method with open boundary. DIH is reproduced in the simulation
with the random Gaussian initial distribution and is absent in the results with the ordered lattice initial
distribution. We further find that the collisional heating from electrons is important for ultracold plasmas with
chosen spatial correlations in the optical lattice. Carefully preparing the initial condition �e.g., the ion density,
initial electron temperature, and so on�, collisional heating for the ions would be significantly reduced and
eventually negligible. This allows a much stronger coupling in ultracold plasma to be realized.
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I. INTRODUCTION

Recent experiments have produced ultracold plasmas
from a laser-cooled atomic cloud confined in a magneto-
optical trap �1–5�. By tuning the frequency of the ionizing
laser, the initial energy of electrons Ee could be manipulated.
These experiments pave the way toward an unexplored field
of ultracold ionized gases and allow the discoveries of a
series of new phenomena in atomic physics as well as in
plasma physics.

One of the motivations of studying ultracold plasmas is
the fact that the ultracold plasma is a strongly coupled sys-
tem. The correlation strength is determined by the Coulomb
coupling parameter �=Z2 / �4��0akBT� �Z is the charge� with
the Wigner-Seitz radius a= �3 / �4����1/3 �6,7�, where � is the
plasma density. With this definition the plasma is strongly
coupled if ��1. A system is strongly coupled if it meets one
of the following conditions: �a� high density, which leads to
a large Coulomb potential; �b� low temperature, which leads
to small thermal energy; and �c� highly charged states such
as “dusty” plasmas. High density can be found in fusion
plasma. However, the fusion plasma is hard to control and
diagnose. The ultracold neutral plasma makes the low-
temperature scenario to become possible. After the creation
of ultracold neutral plasma, the ion kinetic energy could be
as low as 10 �K, so the ions were strongly coupled, �
�1000 �1�. This also allows us to investigate the property of
fusion plasma from the ultracold plasma experiments, which
is easier to obtain and control in a laboratory condition.

The ultracold atomic cloud interacts weakly until the
plasma is created. Once the plasma is formed it starts with a
completely nonequilibrium state left by the original distribu-
tion of the atomic cloud. The conversion of Coulomb poten-
tial to kinetic energy rapidly heats the electrons and ions.
This effect has been termed as “disorder-induced heating”
�DIH� �8� or “correlation-induced heating” �9�. It shows that

in a nonequilibrium state the potential energy is higher than
that in an equilibrium state with the same average density.
With the evolution of that ionized ultracold cloud, this heat-
ing effect would significantly reduce the coupling in the
plasma and eventually lose their characters as a strong cou-
pling system.

To maintain the strongly coupled condition, there are sev-
eral suggestions to reduce the disorder heating effect
�8,10,11�. However, it is harder to be realized experimentally.
There is also a proposal about eliminating DIH by using
optical lattices to apply periodic confinement to the neutral
atoms �12� before the plasma is created. In this paper, we
simulate the DIH effect in the ultracold plasma created by
photoionizing neutral atoms with different initial conditions.
We apply the classical molecular dynamics simulation with
open boundary conditions with a N2 scaling of all pairwise
calculations. We shall discuss the possibility of using an op-
tical lattice as a confining periodic potential to realize a
crystal-like initial condition. By carefully selecting the initial
parameters, we would show that the strong coupling property
is maintained while the plasma is evolving.

II. THEORY

We use the classical molecular dynamics method to simu-
late the dynamics of the ultracold plasma. In order to simu-
late the strongly coupled plasma, the Coulomb interaction is
calculated pairwisely for all the particles. This would avoid
the inaccuracy coming from the truncation calculation. With
our computing capability, it is possible to simulate the ultra-
cold plasma with the Coulomb force calculated by this
method when the particle number is finite.

The equations for the motion of charged particles are
given by

r j�t + 	� = r j�t� + v j�t�	 +
1

2mi,e
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v j�t + 	� = v j�t� +
	

2mi,e
�F j�t� + F j�t + 	�� , �1�

where 	 is the simulation time step, mi,e is the mass of the
ions �electrons�, and F j�t� describes the Coulomb force on
particle j given by all other particles at time t, which depends
on their relative coordinates.

To avoid singularities, the Coulomb potential is rounded
to the form

1/��r1 − r2�2 + �2, �2�

where �
a is the Wigner-Seitz radius. In the simulation we
use the value of � equal to a /100. It is small enough that the
rounded Coulomb potential is a good approximation. We
compare two simulating results for �=a /100 and �=a /200
and find that there is no observable difference on the scale
we discuss. A further decrease in the value of � does not
change the collective behavior of particles in the plasma such
as the temperature and density evolution. In this paper, the
mass ratio is chosen to be mi /me=100 �13,14�. We choose
this relatively low value, so that the ions spend less time to
participate the correlation dynamics during the simulation.
This relative low mass ratio would also cause faster electron-
ion heating �13,15�, but would not affect the DIH mechanism
we shall discuss here.

The temperature is obtained from the molecular kinetic
energy,

T =
m

3NkB
�

j

N

v j�
2�t� , �3�

where N is the particle number and v j� is the particle j veloc-
ity. For unconfined plasma expanding in the vacuum, the ion
velocity would increase in the radial direction. An average
ion acceleration for the Gaussian density profile is given by
�17�

u̇ = −
kB�Te + Ti�

mi�i
� �i =

kB�Te + Ti�
mi�

2 r . �4�

In the central region of the plasma, the distribution of the
thermal velocity is close to the Maxwell-Boltzmann distribu-
tion, and the average kinetic energy is directly related to the
ion temperature T. The kinetic energy becomes more and
more dominated by radial expansion energy toward the edge
of the plasma. We calculate the average ion kinetic energy
from the velocity distribution in the inner region which is a
spherical volume with the radius of 0.8R0 �R0 denotes the
initial plasma radius�. Furthermore, our results show that, for
fast expanding conditions, there is still a large radial expan-
sion velocity included in the kinetic energy in the inner re-
gion. Because the radial expansion velocity is indistinguish-
able from the radial thermal velocity, an average of the radial
velocity would not give us enough information about the
particle temperature. We shall calculate average thermal ve-
locity of the tangential direction to obtain the temperature T
as

NkBT =
1

2
m�

j

N

�v j�
2 + v j


2 � . �5�

Here, v j�
and v j


are the thermal velocities in the directions

of �̂ and 
̂, respectively.

III. SIMULATION RESULTS AND DISCUSSION

A. DIH for random Gaussian initial distribution of atoms

With the random Gaussian initial distribution of the ions,
two conditions are compared. The first condition is that the
initial temperatures of both electrons and ions are relatively
low �Te�0�=10 K, Ti�0��0 K� and the second condition is
that the initial temperatures are high for both electrons and
ions �Te�0�=100 K, Ti�0�=50 K�. For these two simula-
tions, the number of the ions is 7920 with equivalent number
of electrons. The number of particle is chosen to meet the
capacity of the computing power we have. The particles are
initially placed randomly in a spherical space with a Gauss-
ian distribution,

��r� = �0 exp�− r2/2�2� , �6�

with the width of �=1 �m.
Figure 1�a� shows the temporal evolution of the average

kinetic energy of ions with low initial temperature Te�0�
=10 K, Ti�0��0 K, and the peak density �0	0.5
�109cm−3. �=��0e2 /mi�0 is the ion kinetic-energy oscilla-
tion frequency corresponding to the peak density. In this
simulation, the total energy is conserved to an accuracy of
10−3E0, where E0 is the initial total energy of the system. The
most characterizing behavior from Fig. 1�a� is the rapid in-
crease in the average kinetic energy of ions by several orders
of magnitude, which is the “disorder heating” or “correlation
heating.” It is due to the fact that the system is created in an
uncorrelated condition far from thermodynamic equilibrium.
Immediately after the photoionization, the ions created from

(b)

FIG. 1. The time evolution of the average kinetic energy of ions
with random Gaussian initial distribution of the atoms: �a� the re-
sults from our simulation for low initial temperature Te�0�=10 K,
Ti�0��0 K, Ni=Ne=7920 and �b� the results obtained by a
hybrid-MD calculation with initial peak density �0�0�=2
�109 cm−3 and electron temperature Te�0�=38 K. The results of a
hybrid-MD calculation �solid line� are compared to experimental
data �dots� �17,19�.
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an ultracold neutral atomic cloud have very little kinetic en-
ergy and they are spatially uncorrelated. During the evolu-
tion of the plasma, the ion-ion Coulomb interaction caused
the correlation energy to heat the ions, which leads to the
increase in ion temperature. As a result the equilibration tem-
perature of ions would be on the order of the Coulomb in-
teraction energy between neighboring ions when photoion-
ization happens �17�,

kBT 	
e2

4��0a
. �7�

In our simulation, T	1.89 K is estimated from Eq. �7�. The
potential energy is converted into the kinetic energy leading
into �	1.2 as shown in Fig. 2.

The ion kinetic-energy oscillations, which display the uni-
versal relaxation dynamics of a strongly coupled Coulomb
system, are also reproduced in Fig. 1�a� �16–19�. Other simu-
lation shown in Fig. 1�b� is given for the comparison with
our result. Figure 1�b� shows a hybrid molecular dynamics
�hybrid-MD� simulation �solid line� compared with experi-
mental data �dots� �17,19�. The initial peak density is �0�0�
=2�109 cm−3 with N=106 and the initial electron tempera-
ture is Te�0�=38 K. In the hybrid-MD simulation �19� only
ions are simulated by molecular dynamics method and a
mean-field treatment is used for electrons. Comparing with
Fig. 1�b�, the evolution of the average ion temperature de-
creases much quicker in this case. This is because of the
faster evolution introduced by the mass ratio we used. Al-
though the initial conditions are different, the simulation
curve is well matched with the experimental data. It also
agrees with the hybrid-MD simulation in reproducing the
rapid heating of the plasma and kinetic-energy oscillation.

Figure 3 shows the temporal evolution of the average ki-
netic energy of ions for a relatively high initial temperature
Te�0�=100 K, Ti�0�=50 K, and the peak density �0	0.5
�109 cm−3. The total energy is conserved to an accuracy of
10−5E0. In contrast to Fig. 1�a�, the ion kinetic energy re-
duces quickly as the time increases. The reason why the ion
temperature does not rapidly increase as in Fig. 1 is because
disorder-induced heating has a small contribution compared
with the high initial temperature of ions. The decrease in
temperature in Fig. 3 is due to the bulk expansion of the

plasma. The high initial temperatures of electrons and ions
accelerate the expansion of plasma, resulting in the rapid
decrease in the ion temperature.

B. DIH for body-centered-cubic-type lattice initial distribution
of atoms

In order to avoid DIH, the ions and electrons are gener-
ated from a perfect body-centered-cubic �bcc�-type lattice
structure. This can be realized by first obtaining an ultracold
atomic gas ensemble and loading it into an optical lattice
�12�. With a sufficient trapping potential, the atomic cloud
can form a crystal-like ensemble which is also termed as
Mott insulator in some literatures. The photoionization light
is then applied to the system to create unbound ions and
electrons. As this kind of plasma is created from an ordered
crystal-like ensemble, in the following discussion, we shall
call it an ordered initial distribution compared with the dis-
order Gaussian initial distribution. The initial state of the
plasma corresponds to a spherical volume cut out from a bcc
lattice. The temperatures of electrons and ions are 10 K and
�0 K, respectively. The total energy is conserved to an ac-
curacy of 10−3E0.

Figure 4�a� shows the temporal evolution of the average
kinetic energy of ions with Te�0�=10 K, Ti�0��0 K, and
the average density �̄	7�109 cm−3. The particle numbers
of ions and electrons are Ne=Ni=3200. The simulations
show that the ion temperature still increases, which is the
same as shown in Fig. 1. Because of the ordered initial dis-
tribution, the ions are spatially correlated. The initial poten-
tial energy is comparable to the potential energy in the equi-
librium state. We shall discuss the reason for the heating of
ions. In the following part, we shall term the simulation for
plasma containing only ions as one-component simulation,
and plasma with both electrons and ions as two-component
simulation. Figure 4�b� is the temporal evolution of the av-
erage kinetic energy for one-component plasma Ni=30976
with Ti�0��0 K and the average density �̄	7�109 cm−3.
The highest temperature that can achieve in Fig. 4�b� is about
110 �K.

By comparing Fig. 4�a� with Fig. 4�b�, we conclude that
the heating in Fig. 4�a� is due to the collisional heating from

FIG. 2. The ionic Coulomb coupling parameter �i as a function
of time. The parameters are the same as in Fig. 1�a�.

FIG. 3. The time evolution of the average kinetic energy of ions
obtained by our simulation with Gaussian initial distribution of the
atoms for relatively high initial temperature Te�0�=100 K, Ti�0�
=50 K, Ni=Ne=7920.

MOLECULAR DYNAMICS SIMULATION OF DISORDER-… PHYSICAL REVIEW E 81, 046406 �2010�

046406-3



the electrons. The heating rate for ions due to collision with
electrons is given by �13,20�

�heating = �32�
e4�

�mekBTe

me

mi
ln
 �3

�e
3/2� . �8�

From Eq. �8�, one can find that the collisional rate is pro-
portional to the particle density and inversely proportional to
�Te. In order to verify the above explanation, we also per-
form simulations with different densities and initial electron
temperatures.

We simulate the two-component plasma with the same
condition as used in Fig. 4�a� except Te�0�=100 K in Fig.
5�a�. One can find that the highest temperature in Fig. 5�a� is
much less than the one in Fig. 4�a�. Because the initial elec-
tron temperature is high, the collisional heating rate is
smaller than that with Te�0�=10 K, which results in the
lower temperature in Fig. 5�a�. The hot electrons increase the
expansion velocity of the ions, which leads to a quick reduc-

tion in ion numbers in the given inner region �0.8R0� with the
temporal evolution. This is also the reason why the curve in
Fig. 5�a� is less smooth than the one in Fig. 4�a�. Figure 5�b�
shows the numbers of ions in the inner region with radius
R=0.8R0 as a function of time for Te�0�=100 K �red dotted
line� and Te�0�=10 K �solid line�. It is clear that the curve
for relatively high initial electron temperature decreases
faster.

The collisional rate also depends on the particle density.
We further simulate the two-component plasma with lower
density �̄	0.8�109 cm−3. Figure 6 is the temporal evolu-
tion of the average ion kinetic energy for ordered initial dis-
tribution plasma with the density �̄	0.8�109 cm−3 and
Te�0�=10 K, Ti�0��0 K �Fig. 6�a�� and Te�0�=100 K,
Ti�0��0 K �Fig. 6�b��. The numbers of ions and electrons
are Ne=Ni=3584. The highest temperature in Fig. 6�a� is
about 0.75 K, which is less than that in Fig. 4�a� with a
relatively higher particle density, as expected from Eq. �8�.
When the initial electron temperature becomes higher, the
highest ion temperature in Fig. 6�b� is also less than that with
lower electron temperature in Fig. 6�a�. The results agree
qualitatively well with the collisional heating rate of ions
described by Eq. �8�. Comparing the heating effect in differ-
ent initial conditions, we can conclude that the heating ef-
fects in Figs. 4�a�, 5�a�, and 6 result from collisional heating
from electrons, not from DIH as shown in Fig. 1.

The ion Coulomb coupling parameter for different initial
conditions is shown in Fig. 7, where Fig. 7�a� corresponds to
the simulations in Figs. 4�a� and 5�a�, and Fig. 7�b� is for
Fig. 6. The ion-ion coupling is stronger for a relatively high
initial electron temperature and lower ion density. These
simulations show that the ion temperature can increase due
to the collisional heating from electrons although DIH can be
avoided by arranging the ions in a perfect bcc-type lattice
structure. In fact, the mass ratio of ion to electron is far
greater than 100. The ion heating from electron collision in
experiment is much smaller than the simulation results we
obtain. If the experimental values of the parameters are care-
fully prepared, the ion collisional heating from the electrons
would be very relatively small and even negligible. In this

FIG. 4. The time evolution of the average kinetic energy of ions
with ordered initial distribution of the atoms: �a� for two-component
plasma, Te�0�=10 K, Ti�0��0 K and �b� for one-component �ion�
plasma, Ti�0��0 K.

FIG. 5. �Color online� �a� The time evolution of the average
kinetic energy of ions with ordered initial distribution of the atoms.
The parameters are the same as those in Fig. 4�a�, except Te�0�
=100 K. �b� The numbers of the ions in the inner region with 0.8R0

as a function of time for Te�0�=10 K �solid line� and Te�0�
=100 K �red dotted line�.

FIG. 6. The time evolution of the average kinetic energy of ions
with ordered initial distribution of atoms for low-density two-
component plasmas with Ni=Ne=3584, �a� Te�0�=10 K, Ti�0�
�0 K and �b� Te�0�=100 K, Ti�0��0 K.
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way we can obtain a strongly coupled ultracold plasma using
the perfect bcc-type lattice arrangement as an initial condi-
tion.

C. DIH for one-component plasma

Simulations for the bcc-lattice distribution show that the
collisional heating from electrons is very important for two-
component plasma. Here, we shall see how much the colli-
sional heating contributes to the rapid increase in tempera-
ture in Fig. 1�a�. In order to do this, we shall simulate the
one-component plasmas for different distributions.

In Fig. 8�a�, the temporal evolution of the average kinetic
energy of ions for one-component plasma is presented, with
random Gaussian initial distribution of the atoms and the
peak density �0	0.5�109cm−3, Ni=7920. The rapid heating
of the ions still exists. Comparing the maximal temperature

achieved in Fig. 1�a� with that in Fig. 8�a�, we can see that
the rapid heating in Fig. 1�a� is due to DIH. The Coulomb
coupling parameter is shown in Fig. 8�b�. �i decreases
quickly to the minimum due to the DIH followed by a slow
increase. This is because the ion temperature decreases dur-
ing the expansion and overcompensates the reduction in the
density. In this way the Coulomb coupling parameter in-
creases as the plasma expands.

For one-component plasma with ordered lattice initial dis-
tribution, the simulation shown in Fig. 4�b� displays that DIH
is absent due to the ordered initial distribution and there is a
small temperature increase. In this simulation we define the
initial temperature of ions close to 0 K, so the “order-induced
cooling” predicted in �8,21� is not clear. In the simulation
with the higher initial ion temperature, Fig. 9 shows that the
order-induced cooling is observable. In Fig. 9, Ti�t� is com-
pared for regions with radii of 0.8R0 �solid line� and 0.6R0
�red dotted line�. The temperature increases in the 0.8R0 re-
gion at the beginning. In contrast, the temperature in the
0.6R0 region reduces with time increasing. The temperature
difference between the two regions is due to the edge effect
resulting in an imperfect correlated system. When we ana-
lyze the system with an open boundary, this edge effect is
observed in the simulation. If we only consider the inner
region �0.6R0�, the order-induced cooling appears, as shown
in Fig. 9, because the edge effect is negligible for the center
region. The temperature increases for one-component plasma
with ordered initial distributions resulting from the edge ef-
fect of the system.

IV. CONCLUSION

In conclusion, we use molecular dynamics method to
simulate the dynamics of the ultracold plasma for different
initial conditions. For random Gaussian initial distribution of
the particles, the temporal evolution of the average ion ki-
netic energy displays disorder-induced heating. The oscilla-
tion of the kinetic energy is also observed when the initial
temperatures of particles are relatively low. These character-
istics are qualitatively consistent with experimental data and

FIG. 7. �Color online� The ion coulomb coupling parameter �i

for ordered initial distribution plasmas: �a� for Ti�0��0 K, Te�0�
=10 K �red dotted line� and Ti�0�=0 K, Te�0�=100 K �solid line�.
The initial average density is �̄	7�109 cm−3 and the numbers are
Ni=Ne=3200, �b� with Ti�0��0 K, Te�0�=10 K �red dotted line�
and Ti�0��0 K, Te�0�=100 K �solid line�. The initial average den-
sity is �̄	0.8�109 cm−3 and the numbers are Ni=Ne=3584.

FIG. 8. �a� The time evolution of the average kinetic energy of
ions and �b� the ionic coulomb coupling parameter �i as a function
of time for one-component plasma with Gaussian initial distribution
of the atoms and Ti�0 K.

FIG. 9. �Color online� The time evolution of the average kinetic
energy of ions with ordered initial distribution of the atoms for two
different center regions 0.8R0 �solid line� and 0.6R0 �red dotted
line�. The parameters are the same as those in Fig. 4�b�.
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other simulations methods. Furthermore, when the initial
temperatures are high, the kinetic energy of ions shows ap-
proximately Gaussian structures as time increases, which
also agrees with the relations for high initial temperature of
electrons �17�. However, for ordered initial distribution of
the particles, the ions can also be heated although DIH is
absent. We demonstrate that the main reason of this heating
is due to the collisions with electrons. When the plasma den-
sity decreases, the rate of collisional heating of ions reduces
and the highest ion temperature achieved in the process of
the plasma expansion becomes smaller. It is more interesting
that relatively high initial temperature of electrons also con-
tributes to stronger coupling between ions. Experimentally if
the values of the parameters are appropriate, the collisional
heating for the ions would be very small, and the ion-ion

strong coupling is possible for the ordered initial distribution
in a lattice structure. Finally, we also simulate plasma con-
taining only ions. For random Gaussian initial distribution,
the results show that the rapid temperature increase is mainly
caused by the disorder-induced heating. With an ordered lat-
tice initial distribution, the order-induced cooling is also ob-
served.
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